We present a finite volume scheme for solving elliptic boundary value problems with solutions that have one or a few small regions with high activity. The scheme results from combining the local defect correction method (LDC), introduced in [11], with standard finite volume discretizations on a global coarse and on local fine uniform grids. The iterative discretization method that is obtained in this way yields a discrete approximation of the continuous solution on a composite grid. For the LDC method in its standard form, the discrete conservation property, which is one of the main attractive features of a finite volume method, is lost for the composite grid approximation. For the modified LDC method we present here, discrete conservation holds for the composite grid solution, too.
I. Introduction
Many boundary value problems produce solutions that have highly localized properties. In this paper we consider elliptic boundary value problems with solutions that have one or a few small regions with high activity.
We study a finite volume discretization method based on a combination of standard finite volume discretizations on several uniform grids with different grid sizes that cover different parts of the domain. At least one grid should cover the entire domain; the meshsize of this global coarse grid is chosen in agreement with the relatively smooth behavior of the solution outside the high activity regions. Apart from this global coarse grid, one or several local grids are used which are also uniform. Each of these local grids covers only a (small) part of the domain and contains a high activity region. The meshsizes of the local grids are chosen in agreement with the behavior of the solution in the corresponding high activity region. In this way, every part of the domain can be covered by a (locally) uniform grid with a meshsize that is in agreement with the behavior of the continuous solution in that part of the domain. This refinement strategy is known as locally uniform grid refinement. The solution is approximated on the composite grid, which is the union of the uniform subgrids. Note that such composite grids are highly structured and hence very simple data structures can be used.
In [11] , Hackbusch introduced the local defect correction method (LDC) for approximating the continuous solution of elliptic boundary value problems on a composite grid. In this method, which is an iterative process, a basic global discretization is improved by local discretizations defined in the subdomains. This update of the coarse grid solution is achieved by putting a defect correction term in the right hand side of the coarse grid problem. At each iteration step, the process yields a discrete approximation of the continuous solution on the composite grid. The discrete problem that is actually being solved is an implicit result of the iterative process. Therefore, the LDC method is both an iterative discretization and solution method. An analysis of the LDC technique in combination with finite difference discretizations is presented in [5] [6] [7] .
In this paper, we consider the integral formulation of a two-dimensional convection-diffusion problem, and combine the LDC technique with standard finite volume discretizations of this problem on the global coarse and local fine grids. In the LDC method as in [5] [6] [7] 11] , the discrete conservation property, which is one of the main attractive features of a finite volume method, does not hold for the composite grid approximation. Here, we present a modified LDC method, which is based on a special form of the defect correction term used in the right hand side of the coarse grid problem. Due to this finite volume adapted defect correction term the conservation property is preserved in the discretization on the composite grid.
Attractive features of the finite volume based LDC method presented here are:
--the method yields a discretization on locally refined grids; --a discrete conservation property holds for the discretization on the composite grid; --the method is simple: it only uses standard finite volume discretizations on uniform (global coarse and local fine) grids.
Discretization methods on composite grids have been discussed by other authors too. McCormick presents the finite volume element (FVE) method, which is used in the fast adaptive composite grid (FAC) method (cf. [15] [16] [17] ). Ewing et al. [3, 4] give an analysis of a finite volume based local refinement technique with composite grids. In both approaches, an explicit discretization scheme for the composite grid is proposed, in which special difference stars near the composite grid interfaces are used. The resulting discrete system is then solved by an iterative method (e.g. FAC) which may take advantage of the composite grid structure. This is a crucial difference with the LDC method, which com-bines standard discretizations on uniform grids only and does not use an a priori given composite grid discretization.
This paper is organized as follows. In Section 2, we formulate a stationary convection-diffusion problem, and discuss a standard vertex-centered finite volume technique for discretizing this problem on a uniform grid. In Section 3, we briefly recall the concept of composite grids, and derive a finite volume adapted LDC method. For the resulting composite grid discretization, we prove a discrete conservation property. In Section 4, we show results of a few numerical experiments.
Problem Formulation and Finite Volume Discretization on a Uniform Grid
We consider a stationary convection-diffusion problem in the domain 12 = (0,1) × (0, 1) with Dirichlet boundary conditions ~ = tO on 012. By V c/2 we denote a generic Lipschitz subdomain of 12. The outward unit normal vector to 0 V is denoted by n. We assume given functions F= F(x,y)>_ Fmi n > 0 (diffusion coefficient), v = (vl(x, y), v2(x,y)) r (mass flux), and s = s(x, y) (source term).
Introducing the flux vector
the problem we consider can be represented in integral formulation as: determine ¢ ~ H1(12)with q~[on = tO (in the sense of traces), such that ~vf¢.ndy= fsd12, for all V.
Here we used standard notation for the Sobolev space H1 (12) . In this paper, we study a finite volume discretization technique based on a combination of finite volume discretizations on several uniform grids with different mesbsizes. For the discretization of the convection-diffusion problem on the uniform grids, we consider a standard vertex-centered finite volume discretization method. The technique we present may be generalized, however, to cell-centered methods and to so-called structured boundary conforming grids (cf. [19] ) or to logically rectangular grids, cf. Remarks 3 and 8.
The finite volume discretizations on the uniform grids are standard and can be found in many textbooks; the presentation, however, is adapted to the generalization to composite grids. We use a meshsize parameter H= 1/(N+ 1), 
The midpoints of the interfaces of these volumes form a dual grid (4) Note that this is the continuous flux over the interfaces of the control volumes Vii as in (3) . Finally, we define S c G(12 H) by Si; := f. sdO. ( ~nF( ~))ij + ( VyHF( q~))ij = Sij. (6) In finite volume discretizations the continuous fluxes in (4) , which depend on the continuous solution ~, are approximated using a finite difference scheme. For g ~ G(ff2H), we introduce a discrete flux grid function FH(~:) ~ G(VI4). Here we use a general setting and we will not be specific about the particular finite difference scheme that is used. We only assume that the difference scheme FH(~) is local and linear in g, i.e.,
Ogi+k,j+m ~i+k,j+m,
Ft,j+ 1/z. In with given coefficients apq ~ ~. We use a similar approximation ~/ practice, the integral in (5) is approximated by a quadrature rule. The resulting approximation of S is denoted by S ~/. Example 1. If we apply the midpoint rule to approximate the integrals in (4), (5) , and use central differences to approximate the fluxes at midpoints of volume faces, we obtain for Fn(g) and S n []
In (6), we replace the continuous fluxes F by approximate fluxes F H as in (7) and S/j by S;~. We then obtain a finite volume discretization which can be represented as:
find ¢p'~ ~ G(~14) such that:
~H=~bon3~ H.
This discretization yields N 2 equations for the N 2 unknown values of ~H on ~H.
An Iterative Finite Volume Discretization on Composite Grids
In this section, we will present a finite volume method for approximating the continuous solution ~ on a composite grid. In Section 3.1, we explain how a composite grid is formed by combining two or more uniform grids with different meshsizes. In Section 3.2, we adapt the general Local Defect Correction (LDC) method from [11] to a finite volume setting. The LDC method is an iterative method, hence we obtain an iterative finite volume discretization method. In Section 3.3, we derive some properties of the method. In particular it is shown that a conservation property holds on the composite grid.
Composite Grid
In this section we recall the concept of composite grids and introduce some notation. Composite grids can be found in e.g. [1-3, 8-10, 15] . The grids we consider result from a uniform basis grid with meshsize H, cf. Section 2, that is extended with a region of locally uniform refinement S21, which is such that it contains the part(s) of ~ in which relatively high resolution is needed. In Section 4, an example of an interface problem is given, where it is a priori clear that in a (small) part of the domain O a much higher resolution is required than in the remaining part. Further examples can be found in [5, 7, 11] .
The uniform basis grid, denoted by 014 , is called the global coarse grid. We 
Note that V# c W#, so that W~j c J2 t implies V~j c S2t. Also, J2 t is not a union of control volumes V/j. In J2 t we apply, as in S2, a vertex-centered finite volume method, i.e., we first introduce a uniform computational grid with meshsize h < H. The grid, which is denoted by O h is called the localfine grid. To make l, sure that grid points in S2t n := O nn J2 t are grid points of O h, and that boundaries of control volumes in the local fine grid coincide with boundaries of control volumes in the global coarse grid, we assume the refinement factor
to be an odd integer. We emphasize that a refinement factor o->> 1 is allowed, i.e., we can use a global coarse grid and a local fine grid with different resolution properties. In Fig. 1 , an example of a composite grid is shown (cf. also Section 4).
The interface between the global coarse grid and the local fine grid will be denoted by F-'= OJ2t\OJ2. We will call the set of coarse grid points on this boundary F H, so F H := FN 0/4. The composite grid is denoted by J2/4,h := J2/4
A Local Defect Correction Finite Volume Discretization
Basically, the LDC iteration in [11] consists of the following steps:
1. Solve a global coarse grid problem with given right hand side. 2. Solve a local fine grid problem with artificial boundary conditions on the interface F. 3. Compute a defect correction term for the right hand side of the coarse grid problem, and go to 1.
Below, we discuss these three steps, resulting in the algorithm in (23)-(25). For adapting the general LDC method from [11] to a finite volume setting, the key point is a defect correction (Step 3) which is based on discretization error estimates for the numerical fluxes.
Global Coarse Grid Problem
We compute an initial approximation q~H on the global coarse grid using the standard finite volume discretization of Section 2, i.e., p/4 is the solution of the discrete problem (8).
Local Fine Grid Problem
We formulate a boundary value problem on the local domain J2t, using the coarse grid approximation to define artificial Dirichlet boundary conditions on the interface F. To determine the artificial boundary conditions, we use an interpolation operator p:Fn~ F; obvious choices for p are the linear and the quadratic interpolation operator. Due to the fact that S2¢ is, by construction, a union of sets W/j, a linear interpolation p:Fn~iv can be defined in a straightforward manner. If a point x on a vertical (horizontal) part of iv has (at least) three neighboring points in iv n which lie on a vertical (horizontal) line, a quadratic interpolation at x can be defined in a natural way. At al2 l n OO we use the given Dirichlet boundary conditions.
We are thus led to an analogon of problem (2) on the subdomain Ot with artificial boundary conditions on the interface iv. We discretize this problem on the uniform local grid S2t h using the method described in Section 2. We use a notation in which local fine grid quantities are denoted by a subscript l and a superscript h, e.g.: ~ (computational grid on S21), Vt h (dual grid on Ol), G(VI h) (grid functions on V/h) and, for g~ G(O~), Fib(g)~ G(Vl h) (discrete flux on vth). These quantities related to 121 are defined in exactly the same way as their analogons in Section 2 which are related to ~.
Using this notation the discrete local fine grid problem can be formulated as:
find ~h ~ G(~h) such that:
The discrete solutions q~u and q~ yield an approximation of q~ at all points of the composite grid. We denote this composite grid approximation by Cu, h, and take the newest values in grid points belonging to both the coarse grid and the fine grid, viz.
Defect Correction
We now derive the third step in the algorithm, in which we use the (more accurate) approximation found on the local fine grid to compute a correction for the right hand side of the global coarse grid problem. Substitution of the continuous solution ~; in (8) yields a defect
Combination of (6) and (13) yields:
This expression for the coarse grid defect is used to derive an approximation for d H by estimating the flux discretization error FH(,¢I~.)-F(~) and the source term discretization error S H -S.
After solving the global coarse and local fine grid problems, the following approximations are available for an arbitrary horizontal flux F~+ 1/2,j(~): Note that both in the second and third approximation, we use the solution q~ht of the discrete local fine grid problem (11) . In the second approximation, however, only a coarse grid flux discretization F 14 is used, whereas in the third approximation, a fine grid flux discretization Ft h is used, too. These three approximations are considered to be listed in order of increasing accuracy. Because similar approximations are available for the other fluxes, F~_l/2,j(q~) , Fi,j+a/2(q~), F~,j_ 1/2(q~), too, we can define a coarse grid flux vector which uses information from the local fine grid solution: Fbest(q9 H'h) E G(V H) is defined by:
on V~/n S2l (as in (15)),
elsewhere.
We use this flux vector to give the following flux discretization error estimate
Analogously, we have the following approximations for an arbitrary source term Again, the last approximation is considered to be most accurate, and we define S best ~ G(12 n) by f S~ am, on Off (as in (18)), sbest
/ S n, elsewhere.
We use this source term vector to give the following source term discretization error estimate S H -S ~ S H --S best =: dr.
Using (17) and (20) as a defect correction term in the right hand side of the coarse grid problem. Hence, we introduce the following notation for ~n,h C G(~H'h):
Formulation of the LDC algorithm
Using the updated right hand side (22), we can repeat the procedure described above, i.e., solve a coarse grid problem, define artificial boundary conditions on F, solve a local fine grid problem, etc. This results in the following Local Defect Correction iterative method.
LDC algorithm

Initialization
Solve the basic coarse grid problem (8) for yo n ~ G(~ H). Solve the local fine grid problem (11) for ~0 ~ G(~h).
Define the composite grid approximation ~,h ~ G(ff2tl, h) as in (12).
Iteration, k = 1, 2 ....
Compute an updated right hand side S~'(~k ~'h) as in (22).
Solve the global coarse grid problem find ~Ok n ~ G(ff2 n) such that: v/F"(C) + Vy"F"(C)= ~ff = 6 on aN n.
Solve the local fine grid problem find q~th,~ ~ G(~p) such that:
+/h,k : ~k on a~ h N 30, <P~k =P(q~fflr '~) on h n r.
Define the composition grid approximation This is the LDC method as presented in [11] , but now adapted to a setting with finite volume discretization. In particular, the form of the updated right hand side SH(~pff-~) is new. Here, the correction term is chosen such that in the limit (k-~ ~) the resulting composite grid discretization is still conservative; this is discussed in Section 3.3.
The computation of SH(q~ff_ 'h) can be simplified using the results in the following lemma.
Lemma 2. For S/4(q~[/'h) as used in (23), we have, with ~2f = ~lY\ (12~ t_) Fn): H H Hh H H,h f S"+ H,h, (V x F (~pk21[~H)+VyHF (q~k-l[~"))ij, f°r(xi,Yj) ~g]H ij t~k-1) = Sill '
for (xi,Yj) ~ Off.
Proof." Consider a grid point (xi, yj) ~ Off. Adding the fine grid equations in (24) for all fine grid points in the coarse grid control volume V~j, we find the following conservation property over this control volume:
Using the notation in (16), (17) , and (20) we now have for (x i, yj) c g2~:
~
. H Fsum [ h x\ "}-l ~ i,Y))-~ x 1 I l,k-1] -1-y l ~l,k-1))ij
= (Vx"FH(,pk'_'~l~,,)+ ~" F~'(,p~"_'hln,,))~j, which proves the first part of (26).
From the definitions in (16) and (17), we obtain that n n,h dF(~k_ 1) equals zero on VnCq (/2\/2t), and hence the difference operators Vx n and Vy/-/ applied to this grid function yield zero on g2~. This gives the second part of (26).
[] Note that in (26)we have formulas for SH(q~_ 'h) for (x,, y) ~ I2ff u a2ff = OH\ /-H in which the sum of fine grid fluxes ,-,sum/ h r t tq~,,_~) is not needed. Such sums of fine grid fluxes have to be computed on faces of control volumes V,V with (x i, y) ~ I ~H only. Also note that the term S~ ~m can be avoided in the computation of SH(~ff_'h).
Remark 3. The method presented in this section has a straightforward generalization to logically rectangular grids. Also, for the method to be applicable to three-dimensional problems, only minor modifications are needed.
[]
Properties of the LDC Method
The LDC algorithm that is described in Section 3.2 is an iterative process, which implicitly gives a discretization of the convection-diffusion problem on a composite grid. In this section, we discuss a few properties of this discretization. Throughout this section, we will assume that the LDC iteration converges. Numerical experiments (cf. Section 4) and theoretical results in [5, 6, 11] 
= x ~@,' ]~ )-I-y ~9," IN ))ij"
Note that H h q~,' (X i, y) = ~o.I4(x i, y) for (x i, Yi) e F n and q~ff'h(xi, y) = H "H,h
q~, (x~, y) for (xi, y)e Off. Hence, v := q~. -q~. I~l ~ e G(Nil) satisfies the system (28). From the assumption it follows that this system only has the zero solution, hence v = 0 on Off, which is equivalent to (29 which implies that summation of the conservation laws on 1///1. and V~+I, ~ leads to (2)with V = V/j U V~+ t,j. The finite volume discretization on a uniform grid as described in Section 2 satisfies the discrete equivalent of (30) as is easily seen by adding the discrete conservation laws in (8) . Therefore, discrete conservation holds for any subdomain of/2 which can be covered with control volumes V~j. A similar result holds for the limit solution q~,h on the composite grid, as is shown in the following theorem.
Theorem 5. Under the assumption of Lemma 4, the limit solution (~H, ,h E G( ~ H'h) satisfies the following system of discrete conservation laws: ]TxH FbeSt ( qgH'h ) -}-~TyH Fbest ( ~oH'h ) = s best,
with Fbest( q~ H'h) defined as in (16) and S be~t defined as in (19) .
Proof." Using (22) and (23) (32) (33) [] Using Theorem 5, it is easily verified, that the discretization given by the LDC algorithm as described in Section 3.2 satisfies a discrete equivalent of (30), too. Therefore, discrete conservation holds for any subdomain of /2 which can be covered with control volumes ~i. 
This is the same conservation property one would obtain by adding the conser- For (xi, y j) ~ F I4, the limit discretization of the finite volume adapted LDC algorithm is such, that the discrete influx into V~j out of a control volume Vkm, (xk,y m) ~ O H, matches the total discrete outflux from Vkm into V~j. This is illustrated in the right part of Fig. 2 .
If we would use the standard choice for the correction term in the LDC algorithm, the limit discretization would be the same on all control volumes V~j with (xi, yj) ~ 0 H U 12n = 12I-l\ Fn" The discretization would be different, however, on control volumes V~j with (xi, yj) ~ F/4; these volumes would be treated in the same way as volumes V/j with (xi, yj) ~ 12c n.
The difference between the discretizations given by the two LDC algorithms is clarified in Fig. 2 ; its consequences are demonstrated by a numerical experiment in Section 4.2.
[] Remark 7. The system of discrete conservation laws in Theorem 5 holds for the fully converged composite grid solution q~,n, h. However, in practice, often one or two LDC iterations will suffice to obtain a satisfactory approximation of q~ on oH, h due to the high rate of convergence of the method. Typically, one has an error reduction by a factor 10 up to 1000 in each iteration step (cf. the results in Section 4 and in [6, 11] ).
[] Remark 8. In Section 3.2, a vertex-centered finite volume method has been used for both the discretization on the global coarse grid and on the local fine grid.
If we would use a cell-centered method on the global coarse grid, we can cover all of 12 with control volumes, which yields global discrete conservation. This approach has been followed in the examples of Section 4. Note that, as a consequence, boundary conditions for the local fine grid problem have to be treated as in a vertex-centered method (the artificial boundary conditions) or as in a cell-centered method (the natural boundary conditions). This is illustrated in the upper part of Fig. 3 .
It is also possible to apply a cell-centered finite volume method in 12l by choosing the refinement factor o-= H/h to be an even integer. See the lower part of Fig. 3 . As before, a refined coarse grid control volume is the union of fine grid control volumes, so that we can define a source term discretization error estimate in a straightforward way. However, the points in 12~ := 12 n • 121 are no longer grid points of 12P, so that we need to introduce a restriction
R:G(12h) ~ G(12H)
to define flux term discretization error estimates.
Numerical Experiments
In this section, we consider two simple numerical experiments: an interface problem in the unit square and a one-dimensional convection-diffusion problem.
It should be noted, that the technique presented in Section 3 is capable of computing phenomena in more complicated geometries than treated here. The --the method yields a discretization on a locally refined grid with an error of the same order of magnitude as a discretization on a globally refined grid (Section 4.1); --a discrete conservation property holds on the composite grid (Section 4.2).
A Two-Dimensional Interface Problem
We consider a two-dimensional interface problem. We choose the mass flux v equal to zero, and take a diffusion coefficient /" that is discontinuous across a curve in ~ = (0, 1) × (0, 1) and has a small value in part of the domain, viz. Because of the different resolutions needed to represent ~ in U~ and O\ U~, we will use the LDC method with the finite volume adapted correction term as described in Section 3.2 to discretize the boundary value problem for q~ on a composite grid. We take /2 t := (1/2 -1/27, 1/2 + 1/27) × (1/2 -1/27, 1/2 + 1/27). For the global coarse grid, meshsizes H = 1/33, H = 1/34, and H = 1/35 have been used; the refinement factor o-has been chosen equal to o-= 3, o-= 32, and or = 33. In this model problem, the location of the physical interface (c~U~) is such that for H = 1/3 k, k > 3, and o-= 3"*, m > 1, this interface is on grid lines in Ot h. Therefore, a simple central difference flux approximation scheme, as in Example 1, can be used (see [18] for a more detailed discussion of this topic). In a setting where this favorable interface-grid alignment does not hold, other, more advanced, finite volume discretization schemes should be used. The LDC method, however, remains the same.
Since the main topic of this paper is to study the performance of the LDC (outer) iteration, the linear systems arising in the LDC algorithms have been solved to high accuracy using CG iteration with incomplete Cholesky factorization as a preconditioner. The properties shown below still hold, however, if we use low, but "reasonable", accuracy in the inner iterations.
The numerical results of the LDC method are presented in Table 1 . Listed are the number of unknowns in the computation and the discretization error in the scaled Euclidean norm I]~ola,-q~ll2/N, where N is such that N 2 is the number of grid points in O n. Note that diagonal elements in the table correspond to uniform grids. From Table 1 , we conclude that the LDC algorithm can reduce the discretization error on the global coarse grid (meshsize H) to an error that is of the same order of magnitude as the error on a global uniform grid with meshsize h, using considerably less grid points than a computation on a global uniform grid with meshsize h would require. This is, e.g., illustrated by the computation on the composite grid with meshsizes H= 1/34, h = 1/35, which uses only 6922 grid points to find an approximation with the same error as a computation on a uniform grid with meshsize H = 1/35, which involves 59049 unknowns. Note that even the error in the result on the composite grid with H = 1/33, h = 1/35, which has only 1090 grid points, is already of the same order of magnitude.
Finally, we remark that the uniform grid with meshsize H = 1/33 completely misses the high activity region U~, causing a very large discretization error. This error is reduced by a factor of order 104 by refining the high activity zone with a factor or of only 3 (introducing just 49 new grid points).
The excellent rate of convergence of the LDC method is illustrated by the fact that the results in Table 1 are already found after just one LDC correction step.
In other words, a table listing the discretization error IIq~[a,-q~ 11z/N, would be the same as Table 1 .
If in this experiment, we use the standard correction term as in [11] instead of the new correction term S/~(q~ H'h) as in (22), we obtain similar results. This is not surprising, since the conservation property is crucial across the physical interface 0U=, but of minor importance across the artificial interface F. Hence, using a finite volume discretization for the local fine grid problem is of major importance, but using the new correction term, which yields conservation across F, is of minor importance.
A One-Dimensional Time Dependent Convection-Diffusion Problem
In this section, we treat a very simple one-dimensional problem, in which global conservation is crucial. For this problem, the results of the classical LDC algorithm as in [6, 7, 11] are very poor, whereas the finite volume adapted algorithm yields satisfactory results.
We consider a time dependent convection-diffusion problem, which is a model for the behavior of water held inside a basin by two levies. Figure 5. Numerical results computed using the LDC algorithm with the standard choice for the correction term (top) and with the finite volume adapted correction term (bottom). The dotted, solid and dashed curves indicate the approximations of qff0, t), q~(1, t), and )'d ~0(x, t)dx, respectively
Because of boundary layer effects, the water level varies most in the outer parts of the spatial domain, i.e., in (0, 6) and in (1 -6, 1). For this reason we will use a composite grid for space discretization. The composite grid used consists of a global coarse grid with meshsize H = 1/20 in S2 and two local fine grids, both with meshsize h = 1/100, in g2t, 1 ,= (0,1/8) and in ~'~l,2 := ('7/8,1). We present results for both the LDC method with the standard choice for the correction term and the LDC method with the finite volume adapted correction term. The results are shown in Fig. 5 .
Clearly, the LDC method with the standard choice for the correction term leads to an unrealistic and decreasing water level through "numerical evaporation". The LDC method with the finite volume adapted correction term satisfies a discrete equivalent of the global conservation law (35), and preserves the water level.
